It is shown that the set of xed points of a nonexpansive operator is either empty or closed and convex. Under rather general conditions this shows that the minimum norm solution of an operator equation of the form x = T x exists and is unique, provided that T is nonexpansive. This holds in any strictly convex Banach space, a class of spaces that includes Hilbert spaces as particular case, and has consequences in signal and image reconstruction, as well as in other engineering applications.
Introduction
Brie y speaking, a xed point of a linear or nonlinear operator T is a solution of the equation x = Tx. The basic xed point theorems are Banach's theorem 1, 2], for contractive mappings, Brouwer's theorem 3{6] for continuous mappings in a nite-dimensional space, and Schauder's generalization 4] of Brouwer's theorem to in nite-dimensional Banach spaces. Many other results are discussed in 7, 8] .
These xed point theorems are tools of great importance in signal and image reconstruction, tomography, telecommunications, interpolation, extrapolation, signal enhancement, lter design, among many others 9{16]. A quick glance through 9], for example, should convince any reader of the practical interest of the subject: many interesting problems can be recast as xed point problems.
For example, let x be a signal of interest, and let y be a distorted version of x. Assume further that y and x are related by an operator equation y = Dx If T is merely nonexpansive 2 , as it often is, the analysis of the problem is more complex. A nonexpansive operator may have any number of xed points, a fact that suggests the study of the minimum norm solutions of x = Tx.
Brouwer's theorem and Schauder's theorem are among the results that ensure the existence of xed points of nonexpansive operators. In this paper we show that the set of xed points of a nonexpansive operator is either empty or closed and convex. This turns out to be true in all strictly convex Banach spaces, such as L p , (1 < p < 1), and in particular in all Hilbert spaces, such as L 2 .
This easily shows the existence and uniqueness of the minimum norm solution of an operator equation of the form x = Tx, if T is nonexpansive.
Convexity of the set of xed points
The set of xed points of a given nonexpansive mapping may contain any number of elements. For example, the translation T : f ! f + g has no xed points at all. If g = 0 this changes drastically: T reduces to the identity mapping, which is clearly nonexpansive and for which every point in the domain is also a xed point.
In spite of this wide range of possibilities, there is an useful property that the set of xed points of a nonexpansive operator retains.
Theorem 1 Let X be a strictly convex normed space with norm k k. Corollary 3 Let S be a compact and convex subset of a strictly convex Banach space, and let T be a nonexpansive mapping which carries S into itself. Then, the minimum-norm solution of x = Tx exists and is unique.
PROOF. By theorem 1, T has a nonempty and convex set of xed points (Schauder's theorem shows that the set of xed points is not empty). By theorem 2, this set contains a unique element with minimum norm. 2
